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Abstract. In classical and real algebraic geometry there are several notions of the radical 
of an ideal /. There is the ordinary radical \fl and the real radical This paper and a 
previous one focus on extensions of these and their benefits to the free *— algebra R(x,x*) 
of noncommutative real polynomials in x = (xi, . . . , x g ) and x* = (x*, . . . , x*). 

We work with a natural notion of the (noncommutative) zero set V(I) of a left ideal / 
in R(x,x*). The radical \[l of / is the set of all p S R(x,x*) which vanish on V(I). In 
this paper our quest is to find classes of left ideals / which coincide with their radical \fl\ 
such ideals are called radical. We completely succeed for monomial ideals and homogeneous 
principal ideals. For several other classes of ideals we have partial success. Also we give an 
algorithm (running under NCAlgebra) which checks if a left ideal is radical or is not, and 
illustrate how one uses our implementation of it. 

An earlier paper [CHMN+] gives an appropriate notion of \/l and proves \fl = a 
free *— Nullstcllcnsatz. Our methods here make heavy use of this result. 



1. Introduction 

The introduction begins with definitions and a little motivation for them. Then it 
sketches the main results of this paper together with links to where they are found in this 
paper. 

1.1. Zero Sets in Free Algebras. Let (x,x*) be the monoid freely generated by x = 
(x\, . . . ,x g ) and x* = (x\, . . . ,x*), i.e., (x,x*) consists of words in the 2g noncommuting 
letters x±, . . . ,x g ,x\, . . . ,x* (including the empty word which plays the role of the identity 
1). Let M.(x, x*) denote the K-algebra freely generated by x, x*, i.e., the elements of IR(x, x*) 
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are polynomials in the noncommuting variables x, x* with coefficients in IBL Equivalently, 
M.(x,x*) is the free *-algebra on x. The length of the longest word in a noncommutative 
polynomial / G R(x, x*) is the degree of / and is denoted by deg(/). The set of all words 
of degree at most k is (x, x*)j-, and M.(x,x*)k is the vector space of all noncommutative 
polynomials of degree at most k. 

There are several possible notions of zero of a noncommutative polynomial and we shall 
give one which has proven productive in a variety of situations, e.g. [HMP07, HM+]. Given 
a g-tuple X = (X%, . . . , X g ) of same size square matrices over M, write p(X) for the natural 
evaluation of p at X. For S C M.(x,x*) we introduce 

V(S) {n) = {(X,v) G (R nxn ) 9 x R n I p(X)v = for every p E S} , 

and define the zero set of S to be 

V(S) = [J V{S) {n) = {(X,v) | p{X)v = for every p G S}. 

nGN 

To each subset T of U ngN ((M nxn ) 5 x R n ) we associate the left ideal 

X(T) = {p G R(x,x*) | p{X)v = for every (X,v) G T}. 
For a left ideal / of R(x, x*), we call 

Vl:=X(V(I)) 

the radical of /. Evidently a/7 is a left ideal. We say that / is has the left Nullstellensatz 

property if \fl = I. Now we describe a class of ideals which has this property. 

A polynomial p is analytic if it has no transpose variables, that is, no x*. For example, 
p(x) = 1 + X1X2 + xf + X2 is analytic while p(x) = 1 + x\x2 + {x\Y + x\ is not analytic. There 
is a strong Nullstellensatz for left ideals generated by analytic polynomials in [HMP07]. This 
strengthens an earlier result proved by Bergman [HM04]; see also [BK11] for a survey on 
noncommutative Nullstellensatze. 

Theorem 1.1. Let pi, . . . ,p m be analytic polynomials, and let I be the left ideal generated 
by those pi. Then a/7 = /, i.e., 

(Vj Pj (X)v = 0) q(X)v = iff q = fiPl + "- + fmPm- 

For this theorem we observe two things. No powers q k are needed, contrary to the 
case in the classical commutative Hilbert Nullstellensatz or the real Nullstellensatz. This 
absence of powers seems to be the pattern for free algebra situations. Another point is that 
using pairs (X,v) in our definition of zeroes gives a clean result. While defining zero of a 
noncommutative polynomial p by p(X) = does not give a strong result (this notion of zero 
is too coarse). detp(X) = is better, but does not seem to lead as far. We also mention 
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that our notion of zero plays a key role in [HM+] and is used to prove a result unrelated to 
Nullstellensatze. 

What about ideals generated by pj which are not analytic? To shed light on the basic 
question of which ideals have the left Nullstellensatz property, we seek an algebraic descrip- 
tion of the radical y/l similar to the notion of real radical in the classical real algebraic 
geometry, cf. [BCR98, Chapter 4], [Mar08, Chapter 2], [PD01, Chapter 4] or [Sce09]. For 
this we introduce real ideals. 

A left ideal / of M.(x, x*) is said to be real if for every a±, . . . ,a r G M.(x, x*) such that 

r 

J^a>i el + r, 

i=l 

we have that CLly . . . , CL r G /. Here /* is the right ideal I* = {a* \ a G /}. An intersection of 
a family of real ideals is a real ideal. For a left ideal J of x*) we call the ideal 

\fj = O / = the smallest real ideal containing J 

IDJ 
I real 

the real radical of J. The main result of [CHMN+] states: 

Theorem 1.2 ([CHMN+, Theorem 1.6]). A finitely generated left ideal in x*) satisfies 
the left Nullstellensatz property if and only if it is real. 

Also there is a quantitative version of this theorem that gives us bounds (which we shall 
need) on the degrees of the polynomials involved. 

Theorem 1.3 ([CHMN+, Theorem 2.6]). Let I be a left ideal in WL{x,x*) generated by 
polynomials of degree bounded by d. Then I is real if and only if whenever qi, . . . ,q% are 
polynomials with deg{qj) < d for each j, and Ylt=i lili ^ I + then qj G / for each j . 

These results give a clean equivalence but do not tell us whether or not a particular ideal 
has the left Nullstellensatz property. This paper focuses on examples of ideals / for which 
we can determine if I = \fl. 

1.2. Main Results. In this paper we consider two classes of ideals, monomial ideals and 
homogeneous principal ideals and give simple tests which determine exactly which of these 
do and which do not have the left Nullstellensatz property. Also we describe in Section 
4 a computer algorithm to determine if a given J is a real ideal, hence if I has the left 
Nullstellensatz property. This is a more practical refinement of a special case of an algorithm 
given in [CHMN+]. We have implemented it and illustrate its use. As a tool for future use 
in actually computing the real radical of an ideal we describe an algorithm for generating a 
Grobner basis for a left ideal. 
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Our main result for left monomial ideals is easily stated. A monomial ideal is a left 
ideal generated by monomials. A word w £ (x,x*) is left unshrinkable [Lan97, Tap99] if 
it cannot be written as w = uu*d for some d,u £ (x, x*) with u ^ 1. We show: 

Theorem 1.4. A finitely generated left monomial ideal is real if and only if it is generated 
by left unshrinkable words if and only if it has the left Nullstellensatz property. 

The first iff is proved in Section 2 and does not require finite generation. Combine this 
with Theorem 1.2 to get the second iff for finitely generated ideals. Absent finitely many 
generators we need something more to prove a version of the last iff, see Sections 5 and 6. 
Section 6 concerns something of a dual to free real ideals. Such duals have powerful uses, 
for example they are used heavily in proving Theorem 1.2, and here we use them to yield a 
version of Theorem 1.2 when there are infinitely many generators; it is Corollary 6.2. 

Section 3 focuses on principal ideals and for homogeneous ones we get a definitive result. 
Our result for homogeneous principal ideals, Theorem 3.11, requires several definitions to 
state. The core part of these results is Proposition 3.19 which states that the left ideal 
/ C M.(x,x*) generated by a polynomial p with highest degree homogeneous part p' is real 
only if none of the 2k polynomials 

±(Pi+Pi), ±(PiP2 +P2P1), ±(Pi---Pk + P* k ---Pi) 

is a sum of squares. Here, p' = pvpi ■ ■ • Pk is a factorization of p' into irreducible factors. By 
Corollary 3.10, for the left ideal I C M.(x, x*) generated by a homogeneous polynomial p this 
condition is necessary and sufficient for I to be real. Factoring algorithms like Algorithm 3.6 
and Remark 3.12 make the condition in this theorem checkable; independent of our general 
algorithm in Section 4. 

For a nonhomogeneous principal ideal determining if it is radical seems problematic. 
Even for an ideal I with a one variable degree two generator p the p making the ideal have 
the left Nullstellensatz property do not seem to present an obvious pattern, see Subsection 
4.4. In Subsection 3.3 we present further classes of (principal) left ideals which are real. 

2. Monomial Ideals 

In this section we prove Theorem 1.4. 
Lemma 2.1. For a left ideal I C M.(x,x*) the following are equivalent: 

(i) I is a left monomial ideal; 

(ii) A polynomial f £ M.(x,x*) is in I iff all of the monomials appearing in f are in I. 

(iii) A polynomial f £ M.(x,x*) is in I + I* iff all of the monomials appearing in f are in 
I + I*. 
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(iv) A polynomial f G M.(x, x*) is in I + I* iff all of the monomials appearing in f are in I 
or I*. 

Proof, (i) =>- (ii) is obvious. If (ii) holds, then / is generated by the set of all monomials in 
/ so (i) holds. The equivalence of (i) and (iii) follows similarly. It is clear that (iii) and (iv) 
are equivalent. ■ 

Proof of Theorem 1.4. Suppose / is generated by left unshrinkable words {wi \ Wi G (x,x*), 
% G G} for some index set G. Consider a sum of hermitian squares 



s 

j 

and decompose each gj as 



uiG(x,x*} w£(x,x*) uG{x,x*) 



for some a v ^ G R. Here pj = J2 w ei a w,j w e I an d Qj = J2 U a u,j u & I- Then 

s = Yl 9j9j = J2(P*j + Qj){Pj + Qj) = Yl ( p *j p i + p *i q i + q *j p i + 
j j j 

being in I + I* is equivalent to 

Assume / is not real, and let s be a sum of squares of the form (1) of minimial degree with 
not all qj in I. Since the highest degree terms in a sum of squares cannot cancel, some of the 
highest degree terms in s are multiples of words of the form w*w for words w ^ I. Lemma 
2.1 implies that w*w G / + 1* for each such w. Since I is a left monomial ideal, it follows 
that w*w is of the form v\V2, where v<i is one of the unshrinkable words which generate /. 

If deg(u;) > deg(t>2), then this implies that w = v'v2, where v' is the right-hand piece of 
Vx, which is a contradiction since w ^ I. 

If deg(w;) < deg(w 2 ), then v 2 = w'w, where w' is the left-hand piece of v 2 , and deg(w; / ) > 
0. Thus vxv 2 = Viw'w = w*w, which implies that w* = Viw', which implies that w = 
Therefore v 2 = w'(w')*vl, which is a contradiction since v 2 is unshrinkable. 

Conversely, suppose J is a real left monomial ideal. Let B be a set of words which 
generate /. Without loss of generality, we may assume that for each w G B, there exist no 
u,v G M.{x,x*), with v G I, such that w = uv. Assume w G B is shrinkable. Let w = u*uv, 
with u some nonconstant word. Thus v*u*uv G I + 1*, which implies that uv G / by / being 
real. This however contradicts the minimality of B. ■ 
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In Section 6 we return to the theme of monomial ideals. There we construct a separating 
strictly positive linear functional for each (not necessarily finitely generated) real monomial 
left ideal, and use it to produce a ^-representation. Our results on monomial ideals can be 
viewed in the context of one-sided analogs of the Lance- Tapper [Lan97, Tap99] conjecture 
(see also [PoplO]). 

3. Principal Left Ideals 

We now turn our attention to principal (i.e., singly generated) left ideals. Our focus 
here is on homogeneous generators. The main results in this section are Theorem 3.11 that 
precisely describes when a principal homogeneous left ideal is real, and the accompanying 
Algorithm 3.6, producing a practical test for determining whether a given homogeneous 
polynomial p G M.(x,x*) generates a real left ideal. 

3.1. Factorization of Homogeneous Polynomials. Checking whether a polynomial p G 
M.{x, x*) factors as a product p = p\Pi of polynomials of smaller degree amount to solving a 
large system of linear equations. For homogeneous noncommutative polynomials factoriza- 
tion can be done more efficiently, and this is what we describe in this subsection. 

Lemma 3.1. Let V(x) = (vi, v r )* G M.(x, x*) r be a vector of linearly independent ho- 
mogeneous degree d r polynomials, and let W(x) = (wi, . . . ,w s )* G M>(x,x*) s be a vector of 
linearly independent homogeneous degree d s polynomials. For A G W xs , we have 

V(x)*AW(x) = A = 0. 

Proof. First consider the case where V = M^ r is a vector whose entries are all the words 
of degree d r , and where W = Md a is a vector whose entries are all the words of degree d s . 
Let A G W xs satisfy M r (x)*AM s (x) = 0. Each word w of degree d r + d s can be expressed 
uniquely as a product 

w = w r w Sl 

where w r is the word consisting of the first d r letters of w and w s is the word consisting of 
the last d s letters of w. Let A w * iWs be the entry of A corresponding to w* on the left and w s 
on the right. Then, 

M r (x)*AM s (x) = Yl A ™*r,™* W r w s = 0- 

deg(w r )=d r deg(w a )=d s 

This implies that each A w * tWa = 0, or in other words, that A = 0. 

Next consider the case where the entries of V span the set of all homogeneous degree 
d r polynomials, and where the entries of W span the set of all homogeneous degree d s 
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polynomials. The elements of V may be expressed uniquely as a linear combination of the 
elements of M r . Therefore there exists an invertible matrix R such that 

RV{x) = M r (x). 

Similarly, there exists an invertible matrix S such that 

SW(x) = M s (x). 

Therefore 

V(x)*AW(x) = M^R-^AS^Ms = 

which implies that (R'^AS" 1 = 0. Since R and S are invertible, it follows that A = 0. 

Finally, consider the general case. Let V be a vector whose entries, together with the 
entries of V, form a basis for the set of homogeneous degree d r polynomials, and let W be a 
vector whose entries, together with the entries of W, form a basis for the set of homogeneous 
degree d s polynomials. Suppose V(x) T AW = 0. Then 



V T AW 



which implies that A = by previously established case. 



V 


T 


' A " 




w 


= 0, 












V 









W' 



Remark 3.2. Let M dl 

d\ and M d2 = (w 



[w 



(2) 

1 5 



(1) 
1 > 



w 



be a vector whose entries are all words of length 

(2) 

. ,w e ) be a vector whose entries are all words of length d 2 - Let p be 



homogeneous of degree d\ + di- Then the unique matrix A such that 

p = M* di AM d2 

is the matrix whose (z, j) -entry is the coefficient of (w^)*Wj in p. We call it the (g^,^)- 
Gram matrix for p. (Observe that the uniqueness of the Gram matrix fails for nonhomo- 
geneous polynomials.) 

Lemma 3.3 (cf. [Har+, KP10]). Let p e M.{x, x*) be a homogeneous degree 2d polynomial. 
Then p is a sum of squares if and only if its (d, d)-Gram matrix is positive semidefinite. 

Proof If p = M* d AM dl and A^O, then 

p= (yiM d y (VAM d ) , 

which implies that p is a sum of squares. 

Conversely, suppose p = p\pi + ■ ■ ■ + p* k Pk- Let p\ be the terms of Pi that are of degree 
maxj{deg(pj)}. Then 



(2) 



P 



£ (&)Vi) + (p* -pWi) + ip'iTiPi-p'i) + iPi-p'iTiPi-p'i))- 
i=i 
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The first term of (2) yields a sum of squares of degree 2maxj{deg(pj)} and the other terms 
have degree < 2 maxj{deg(p;)}. Since p is homogeneous, and since a sum of nonzero squares 
is nonzero, each of the pi is homogeneous of degree d. For each i, let pi = a*Md for some 
scalar vector a, of suitable dimension. Then 



We call a polynomial p G M.(x, x*) irreducible if it cannot be written as a product of 
two polynomials of smaller degree, i.e., if p = qr with q,r G M.(x, x*), then q is constant or 
r is constant. 

Proposition 3.4 (cf. [Co63, Ca+]). Let p G M.{x,x*) be a homogeneous noncommutative 
polynomial. Then p can be factored as 



for some irreducible homogeneous polynomials px, . . . ,p&. Further, such a representation is 
unique in that if p = qi ■ ■ ■ qg is another decomposition, where each qj is irreducible, then 
k = i and there exist nonzero scalars Ai, . . . , A& such that qi = \pi for i = 1, . . . , k. 

We refer the reader to [Co06] for a detailed study of factorization in free algebras, and 
to [GGRW05] for another take on noncommutative factorization. 

It is straightforward to compute a factorization of a homogeneous noncommutative poly- 
nomial. There is an algorithm described in [Ca+]; see also [KaS93]. An alternate way of 
looking at the algorithm is presented in Algorithm 3.6 below. 

Lemma 3.5. A homogeneous polynomial p G M.(x,x*) can be factored as p = p\Pi, for 
deg(pi) = d\ and deg(j?2) = ^2 if one? only if the (d\,d?)-Gram matrix A for p has rank 
1. Indeed, a decomposition p = p\P2 is then given by decomposing A = ct\a* 2 and setting 
Pi = M^oti and p 2 = o^M^ . 

Proof. Straightforward. ■ 

Algorithm 3.6. Suppose p G M.(x, x*) is a homogeneous degree d polynomial. If its (di,^)- 
Gram matrix is of rank > 1 for alldi, ^GN with di+d 2 = d, thenp is irreducible. Otherwise 
choose the smallest possible d\ producing a factorization p = p\P\ as in Lemma 3.5. Then p\ 
is irreducible. Repeating the procedure on p\ yields a factorization p\= pv ■ -pk, where each 
Pj is irreducible. Then p = pip 2 ■ ■ - pk- 




and so 



i=l 



ctiCt* b is the (d, <i)-Gram matrix for p. 



P = Pi---Pk 
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3.2. Real Principal Left Ideals. There is a clean test for determining whether or not a 
principal left ideal is real which applies to all polynomials, not just homogeneous ones. 

Proposition 3.7. Let I be the left ideal generated by a polynomial p G M.(x,x*). Then I is 
real if and only if there exists no nonzero sum of squares equal to qp + p*q* for a polynomial 
q G M.(x, x*) with deg(g) < deg(p). 

Proof. The left ideal I is equal to 

I = {qp | q G M.(x,x*)}. 

A polynomial qp has deg(qp) = deg(g) + deg(p), which implies that I contains no nonzero 
polynomials of degree less than deg(p). 

By Theorem 1.3, I is real if and only if there exists no sum of squares of the form 
(3) qUi + ■ ■ ■ + qUk G / + /*, 

with deg(g,) < deg(p) for each j, and qj ^ I. Since / is principal, as shown above there 
are no nonzero qj G / with deg(gj) < deg(p). Further, a sum of squares of the form (3) has 
degree equal to 2 max{deg(gj)}. Therefore / is real if and only if there exists no nonzero 
sum of squares in I + I* with degree less than 2 deg(p). 

[CHMN+, Proposition 2.17(i)] implies that (J + I*) 2d -i = hd-i + I^d-i- The set hd-i 
is equal to 

hd-i = {qp I deg(g) < deg(p)} 
since deg(gp) = deg(g) + deg(p). Therefore an element of (I+I*) 2 d-i is of the form qip+p*q%, 
with deg(gi), deg(g 2 ) < deg(p). Further, if q\P + p*ql is symmetric, then 

qiv + v*ql = ^(qip + p*q2) + ^(qip + p*q2)* = + ^2)^ p + p* Q(gi + ?2! 

Therefore the set of symmetric elements of (/ + J*)2d-i is {qp + p*q* \ deg(g) < deg(p)}. 
Hence I is real if and only if there exists no nonzero sum of squares of the form qp + p*q* 
with deg(g) < deg(p). ■ 

Example 3.8. Suppose I C M.{x, x*) is the left ideal generated by a homogeneous polynomial 
p, and p has no terms containing XiX* or x*Xi for any i. Then I is real. 

Proof. By Proposition 3.7, it suffices to assume that there exists a polynomial q such that 
qp + p*q* is a nonzero sum of squares, with deg(g) < deg(p). Then deg(gp + p*q*) < 
deg(g) + deg(p) < 2deg(p). A nonzero sum of squares s necessarily contains some terms 
of the form w*w, where 2deg(u>) = deg(s). Such a term contains db X{X^ or £L Xi at the 
deg(s)/2 through deg(s)/2 + 1 position. However, no term of qp + p*q* contains such a 
hermitian square since p contains no such terms and 2deg(jo) > deg(qp + p*q*). ■ 
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Lemma 3.9. Let p,q be homogeneous polynomials with deg(g) < deg(p). Then qp + p*q* is 
a sum of squares if and only if p = rq* for some polynomial r such that r + r* is a sum of 
squares. 

Proof Suppose deg(gp + p*q*) = 2d so that d < deg(p). Let Wiq*, . . . ,w k q*,r 1 , . . . ,77 be 
a basis for homogeneous polynomials of degree d so that Wi,...,Wk are all words of length 
d — deg(g). Then there exists a unique decomposition of qp as 



qp 



Wiq 

w k q* 
r-i 

ri 

for some block matrices A and B. Further 

w x q 



A B 




W\q 

w k q* 

n 

Tic 



qp + p*q* 



A + A* 
B* 



B 




w k q 
r\ 

re 

Since qp + p*q* is a sum of squares, and by uniqueness of the Gram matrix representation, 
we have B = 0. Therefore 



Wiq 
Wkq* 



qp 



wiq 
w k q* 



A 




W\q 

w k q* 

n 







* 




Q 




A 






w k 




w k _ 



Hence 







* 




r = 




A 






w k 




w k 



gives p = rq* and r + r* is a sum of squares. The converse implication is trivial. 
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Corollary 3.10. Let I C M.{x,x*) be the left ideal generated by a single homogeneous poly- 
nomial p. Let p = Pi ■ ■ ■ Pk be a factorization of p into irreducible factors. Then L is real if 
and only if none of the 2k polynomials 

±(Pi+Pi), ±Ol»2 +P* 2 Pl), ±(pi---Pk+Pk'--Pi) 
is a nonzero sum of squares. 

For the sake of convenience, we call the highest degree homogeneous part of a polynomial 
p G M.(x,x*) its leading polynomial. 

Proof. By Proposition 3.7, / is real if and only if there is no nonzero sum of squares of 
the form qp + p*q*, where deg(g) < deg(p). We claim that we can restrict without loss of 
generality to q being homogeneous, i.e., q = q'. Indeed, if q' is the leading polynomial of q, 
then either q'p + p*(q')* = or q'p + p*(q')* is the leading polynomial of qp + p*q* . In the 
former case, 

qp + p*q* = (q — q)p + p*{q- q')* , 
so we can look at the leading polynomial of q — q' and repeat. In the latter case, q'p + p*{q')* 
is a sum of squares since qp + p*q* is. 

First, if ±(pip2 ■ ■ - Pj + Pj • ■ -plPi) is a sum °f squares for some j < k, then let q = 
P*kPt-i ' ' 'Pj+v We have deg(g) < deg(p) and 

qp + p*q* = pIpI.x ■ ■ -p* +l (±piP2 ■■■p j ±p*-- -plpVlPj+i ■ ■ -Pk~iPk, 

is a sum of squares in J + J*. If ±(p + p*) is a nonzero sum of squares, then q = 1 works. 

Conversely, suppose qp + p*q* is homogeneous of degree 2d, for some d < deg(p), and 
assume it is a nonzero sum of squares. By Lemma 3.9, p = rq* for some r such that r + r* 
is a sum of squares. By the uniqueness of the factorization, 

r = Xp 1 ---p j and q* = jPj+i ' • 'Pk, 

for some scalar A and some j, which implies, since qp + p*q* is a nonzero sum of squares, 
that 

±(Pi" ■Pj+P* j ---P*i) 

is a nonzero sum of squares. ■ 

Irreducibility of the factors pj allow a rephrasing of Corollary 3.10 which lends itself to 
computation. 

Theorem 3.11. Let p be a nonconstant homogeneous polynomial, and let L be the left ideal 
generated by p. Decompose p as p = p\ ■ ■ - pk, where the pi are irreducible and nonconstant. 
Then L is real if and only if neither of the following two hold: 
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(1) There exists j with 2j < k such that 

Pi = AiP2 i5 p 2 = hP 2 j-V ■■■,Pj = \P*j+l 

for some scalars Aj. 

(2) There exists j with 2j + l<k such that 

Pi = AlP2j+l> P2 = ^2P* 2j , • • • , Pj = AjP* +2 
for some scalars \, and ±(pj + i + Pj +1 ) is a nonzero sum of squares. 

Remark 3.12. This theorem implies that to test the conditions of Corollary 3.10 for p = 
Pi'~'Pk> one on ly needs to do the following. For each j with 2j < k, examine whether 
for each i the polynomials pi and p 2 j_i are scalar multiples of each other. For each j with 
2j + 1 < k, examine whether for each i the polynomials pi and p2j+i~i are scalar multiples 
of each other, and if they are, check to see if Pj+i + £>* +1 is plus or minus a sum of squares. 
Checking if a homogeneous degree 2d noncommutative polynomial p is a sum of squares is 
straightforward: by Lemma 3.3 we only need to find its (d,d)-Gram matrix (by solving a 
linear system) and test whether it is positive semidefinite. 

Proof of Theorem 3.11. By Corollary 3.10, I is not real if and only if for some £, 

±(pi---pe+p* e ---pl) 

is a nonzero sum of squares. Proceed by induction on i. 

If £ = 1, then ±(pi + pi) is a sum of squares and item (2) holds. 

If £ > 1, suppose that deg(jv) < | deg(pi • • -pi). If this were not the case, a simi- 
lar argument could be made using p\ noting that deg(^) > |deg(pi...^) implies that 
deg(pi) < \ deg(pi ■ ■ - pt). Note that ±(p\ ■ ■ -pe + p\ ■ ■ -p\) is a sum of homogeneous degree 
deg(pi • • - pe) polynomials and is a nonzero sum of squares. Therefore 

deg(pi ■■■pt + Pe--'Pl) = deg(pi ■■■p e ) 

and this degree is even since ±(pi ■ • - pt + p\ ■ ■ - pi) is a sum of squares. By Lemma 3.9, 
this implies that p\ factors Pi - • - pi on the right. Since p\ is irreducible, by uniquenss of 
factorization there exists some nonzero Ai such that p\ = Xip}. Now either 1 = 2 and so 
item (1) holds, or p 2 ■ ■ -pe-i satisfies 

±(p 2 ---Pe-i+Pi- 1 ---p* 2 ) 



is a sum of squares. The result follows by induction. 
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Corollary 3.13. Let ^ p G M.(x,x*) be homogeneous and let I be the left ideal generated 
by p. Then I is real if and only if p is not of the form 



where s is a nonconstant sum of squares, q* = —q, and f G M.(x,x*). 

Proof. Theorem 3.11 implies that I is not real if and only if one of two cases hold. In case 
(1), p is equal to p = u*uv for some nonconstant polynomial u. Here s = u*u and q = 
gives the result. In case (2), p is equal to p = u*tuv, with t + t* plus or minus a sum of 
squares. By multiplying v by ±1, we can assume without loss of generality that t + t* is a 
sum of squares. Setting s = \u*{t + t*)u, q = \u*(t — t*)u, and f = v gives the result. The 
converse implication (if p is of the form (4) then / is non-real) is trivial; see Proposition 3.15 
below. ■ 

Example 3.14. Let w G M.(x,x*). If w = (s + q)r, for some nonconstant sum of squares 
s, some antisymmetric q, and some r, then w is a monomial if and only if s + q and r are 
monomials, that is, s = u*u for some monomial u G M.(x,x*), q = 0, and r is a monomial. 
Therefore, Corollary 3.13 in the monomial case states that the left ideal I generated by a 
monomial w is real if and only if w is left unshrinkable. 

3.3. General Principal Left Ideals. To this point we have considered only homogeneous 
ideals. Now we consider principal left ideals with a nonhomogeneous generator. Here the 
results are less definitive than before. 

If p G IR(x, x*) is not homogeneous but has a similar structure to that of Corollary 3.13, 
then the following holds. 

Proposition 3.15. If p is of the form 



where s is a nonzero sum of squares, q* = —q, f ^ 0, and deg(s + q) > 0, then the left ideal 
I generated by p is not real. 

Proof. Since deg(s + q) > 0, and deg(p) = deg(/) + deg(s + q), we have deg(/) < deg(p). 
We see that 



(4) 



p = + ?)/, 



(5) 



v = + ?)/, 




Example 3.16. Not every non-real principal left ideal is generated by a polynomial of the 
form (5). Consider 

p = (xi - x\ + l)(x 2 - x* 2 ) + 1. 
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One can show p is irreducible. Further, 

P + P* = ( x i ~ x *)( x 2 - x* 2 ) + (x 2 - x 2 ) (xi - x\) + 2 
which is not a (±) sum of squares. However, 

(x 2 - x 2 )p + p*(x 2 - x* 2 )* = 2(x 2 - x* 2 )*(x 2 - x 2 ) 
is a sum of squares of elements not in the left ideal generated by p. 
Proposition 3.17. If p is of the form 
(6) p= (s + q x )q 2 + c, 

where each qi is antisymmetric, q 2 ^ 0, s is a nonzero sum of squares, c is a constant, and 
deg(s + q\) > then the left ideal I generated by p is not real. 

Proof. Since deg(s + qi) > 0, we see deg(g 2 ) < deg(p). We see 

q 2 p + p*q 2 = 2q 2 sq 2 e I + I* 
is a nonzero sum of squares, which implies that I is not real. ■ 

However, these propositions do not describe all polynomials generating non-real principal 
left ideals. 

Example 3.18. Consider the following univariate polynomial 

p = xx* - (x*) 2 + 2x + 4. 

As is easily seen, p is not of the form (5) or (6). On the other hand, the left ideal I generated 
by p is non-real. Indeed, 

(x + 2)p + p*(x + 2)* = (4 + 2x*)*(4 + 2x*) el + I*, 

but 4 + 2x* $l I . We shall investigate reality of ideals generated by quadratics in more detail 
in Subsection 4.4 below. 

Proposition 3.19. Let I be the left ideal generated by some polynomial p. Let p' be the 

leading polynomial of p, and let p' = pi ■ ■ ■ pj, be a factorization of p' into irreducible parts. 
If I is not real, then at least one of 

±Oi + p1), ±(piP2 + p* 2 p1), • • • , ±(pi ■■■Pk+p* k ---pt) 

is a sum of squares. 
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Proof. By Proposition 3.7, if I is not real, then there exists a q with deg(g) < deg(p) and 
qp + p*q* being a nonzero sum of squares. Let q' be the leading polynomial of q. Then 

q'p' + ip'nq'T 

is either or the leading polynomial of qp + p*q*, in which case it is a sum of squares. Hence, 
in either case, q'p' + {p')*{q')* is a sum of squares. By Lemma 3.9, this necessarily implies 
that p' = pi ■ • -Pj(Ag') for some j and some nonzero A, and that ±(pi • • • Pj + p*A ■ • -pj) is a 
sum of squares. ■ 

3.4. Further Examples. Recall that a polynomial p G lR(x, x*) is analytic if it contains no 
x*, i.e., if p G Likewise, a polynomial p G lR(x*) is called antianalytic. 

Lemma 3.20. Let a, b G lR(x, x*) fee homogeneous analytic polynomials such that deg(a) = 
deg(6) > 0. Then a + b* is irreducible. 

Proof. Assume 

U£(x,X*) Wd{x,X*) 

deg(it)=d deg(«j)=e 

for some d, e G N. The coefficient of mw in a + b* is A U B W . We see that a + 6* has only terms 
which are analytic or antianalytic. Suppose uq, wq are such that uqWo is analytic. Then 
Uq,Wq are analytic. This implies that for any other u, either A u = or uwq is analytic or 
antianalytic, which necessarily implies that u is analytic. Similarly, either B w = or w is 
analytic. This implies that a + b* is analytic, which is a contradiction. ■ 

Proposition 3.21. Suppose I C ]R(x, x*) is i/ie /e/t ideal generated by a nonconstant poly- 
nomial p = a + b* , where a and b are analytic polynomials. Then I is not real if and only if 
p = a — a* + c for some nonzero constant c. 

Proof. First, if p = a — a* + c, then p + p* = 2c G I + I*, which implies that 1 G y/1. 
Therefore / is not real. 

Conversely, suppose / is not real. Let d = deg(p). We have deg(p) = max{deg(a), deg(6)} 
since the leading polynomials of a and b* are analytic and antianalytic respectively, and hence 
cannot cancel each other out. Let a', b' be the degree d terms of a and b respectively, so that 
p' = a' + (&')* is the leading polynomial of p. 

If b' = 0, then p' = a'. By Proposition 3.19, p' = pi---pjf for some / and some 
nonconstant irreducible factors Pi, and 

±(pi---Pj+p* ■■■pi) 
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is a sum of squares. However, since p' is analytic, this implies that p\ • • • pj is analytic. An 
analytic polynomial has no terms of the form m*m, whereas a nonconstant sum of squares 
does. This is a contradiction, so V ^ 0. Similar reasoning shows a' 7^ 0. 

Next, by Lemma 3.20, a' + (b')* is irreducible. By Proposition 3.19, 

a' + b' + (a'Y + (b'Y 

is a sum of squares. A sum of an analytic and an antianalytic polynomial has no terms of the 
form m*m, whereas a nonconstant sum of squares does. Therefore a' + b' + (a')* + (&')* = 0, 
which implies that a' = —b'. 

Next, since I is not real, there exists a q such that deg(g) < deg(p) and qp + p*q* is a 
nonzero sum of squares. Let q' be the leading polynomial of q. Then 

q'(a'-(ar) + (a'-(ary(qT 

is either or is the leading polynomial of qp + p*q*. In either case, it is a sum of squares. 
Since deg(g) < deg(p) = deg (a' — (a')*), by Lemma 3.9, this implies that (q')* is a factor 
of a' — (a')* on the right. However, by Lemma 3.20, a — a* is irreducible. Therefore q' is 
constant, which implies that q is constant. Therefore ±(p + p*) is a nonzero sum of squares. 

Let e = deg(p + p*). Let a' e , b' e be the degree e elements of a and 6 respectively so that 
a' e + (b' e )* is the leading polynomial of p+p* . As before, a nonconstant sum of squares cannot 
be expressed in this form. Hence e = 0, and so p is of the form a — a* + c, where c = b e is a 
nonzero constant. ■ 

Example 3.22. Proposition 3.21 on/?/ applies to principal left ideals. Indeed, if I is generated 
by x\ and X\ + x\, then I is not real. We have —x\ + + x\) = X\x\ G / + I* but 

x l £ I. 

Corollary 3.23. Suppose I C x*) is the left ideal generated by a polynomial p with 
deg(p) = 1. Then I is real if and only if p is not of the form a — a* + c, where a is analytic 
and homogeneous of degree 1 and c ^ is a constant. 

Proof. Every polynomial p of degree 1 is of the form p = a + b*, where a, b are analytic, and 
a has no constant term. The result follows from Proposition 3.21. ■ 

4. Algorithm for checking whether 1 = \fl 

The paper [CHMN+] gives an algorithm for computing the real radical of any finitely 
generated left ideal /. Here we discuss an improvement of a more limited algorithm which 
determines whether or not a given left ideal / is real. A test version has been implemented, 
and we give examples. Also we shall give a Grobner basis algorithm for left ideals and a 
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theorem to the effect that it is well behaved, contrary to what one sees with Grobner bases 
for two sided ideals. The left Grobner basis algorithm is useful though not essential for our 
real ideal algorithm. 

4.1. An algorithm for determining if a principal ideal is real. Suppose p G M.(x,x*)d 

is given and let I be the left ideal generated by p. We employ Proposition 3.7 to test reality 
of /. Consider the feasibility problem 



This is an instance of an LMI. Namely, let M <( i be a vector whose entries are all monomials of 
degree < d. Then s is a sum of squares if and only if there is a G >z with M^ d GM <( i = s; 
cf. [MP05, KP10, Hel02]. The equation s = qp + p*q* translates into a system of linear 
equations involving the coefficients of q and entries of G. Thus (7) is a feasibility semidefinite 
program (SDP) 



and can thus be solved using a standard SDP solver. To search for a nonzero G we normalize 
(8) by requiring tr(G) = 1. The left ideal I is non-real if and only if (8) is feasible. 

Remark 4.1. We remark that checking if a noncommutative polynomial is a sum of squares 
can be done exactly using quantifier elimination [BPR06], but this is only viable for problems 
of small size [since the complexity for quantifier elimination is doubly exponential [BPR06, 
Section 11]). Hence in practice we employ SDPs (which typically run in polynomial time, 
cf. [WSVOO]) for numerical verification; cf. NCSOStools [CKP11] for a computer algebra 
package which does this. 

We demonstrate the above with a simple example. 

Example 4.2. Let p = xx* — x*x — 1. The corresponding left ideal I is real. Indeed, write 
Q — % + 1i x + Q2X*, an d G = \gij]ij=i- Then (8) becomes 



(7) 



s G M.(x, x*) is a nonzero sum of squares 
s.t. s = qp + p*q* for some q with deg(g) < deg(p). 



8 



Find ^ G h 
s.t. M* <d GM <d = qp + p*q*, deg(g) < d 



GhO, 
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(9) 



011 + 022 + #33 - 1 = 

flfii + 2q = 

011 - 2012 - 2013 + 022 + 2023 + 2033 + 2q 1 = 

0n + 012 + 013 - 022 - 3023 - 2033 + 4g - <?i - 3g 2 = 
0n - 40i2 - 40i3 + 5022 + 8023 + 4033 + 4g - 8gi - 6q 2 = 
0ii + 2012 + 2013 + 2022 + 2033 + 2g + 2gi + 2g 2 = 
0n - 20i2 - 20i3 + 022 + 2023 + 033 + 2g - 2gi - 2g 2 = 
0n + 022 + 4g + 2g 2 = 

Solving (9) yields 
(10) 

1 



011 = 1, 013 = -012 , 022 = 1, 023 = 0, 

Putting (10) back into G leads to the LMI 



033 = -1, Qo = ~ 



1 



Qi =0, q 2 = 0. 



G 



1 

012 
-012 



012 
1 




-012 

-1 



h0, 



which is clearly infeasible. 



4.2. Left Grobner Basis Algorithm on M.(x,x*). A useful tool for the general algorithm 
for testing reality of non-principal left ideals is computation of a left Grobner basis for 
an ideal. This was implicit in [CHMN+] but here we give a cleaner description which 
lends itself to our computation. For details we refer the reader to the extensive literature 
on noncommutative Grobner basis; see e.g. [Mor94, Rei95, Kel97, HeyOl, Lev05] and the 
references therein. 

Fix a monomial order y on (x,x*). For convenience, we choose an order such that 
deg(w) < deg(u) implies u -< v. By definition, >- satisfies the descending chain condition. 

Let pi, . . . ,pk generate a left ideal / C IR(x, x*), and assume that they are monic (i.e. 
the coefficient of the leading monomial is 1). Let ui, . . . , Uk be the leading monomials of 
Pi, . . . ,pk respectively. If U{ \ Uj for any i ^ j, let u be a monomial such that Ui = umj. 
Replace pj by A(pj — ojpi), where A is a normalization making the latter polynomial monic. 
In this case, the leading monomial of this new pj is lower than the leading monomial of the 
old pj. If any of the new pj are 0, remove them from our set. 

Repeat this until Ui \ Uj for any i ^ j. Then {pi, . . . ,Pk} is a left Grobner basis. This 
Algorithm is guaranteed to terminate since at each step where the algorithm does not stop, 
we replace a polynomial with another polynomial whose leading monomial is lower than that 
of the polynomial being replaced. 
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Proposition 4.3. Let pi,...,pj. be a left Grobner basis for a left ideal I, and suppose 
deg(pj) < d for each i. Then for each e > d, a basis for I e is 

(11) {vpi \ l<i<k, v e (x,x*) e _ dcg(Pi) }. 

Proof. Any polynomial i £ / is equal to 

t = <?lPi + • • • + QkPk 

for some polynomials since the Pi generate I. Let Ui be the leading monomial of each q iy 
and let Ui be the leading monomial of each pi so that the leading monomial of qiPi is cjjitj. 

If z 7^ j, then UiUi ^ LOjUj] indeed, suppose UiUi = ujjUj, and suppose deg(wj) < deg(uj). 
Then = uijUj implies that Ui \ Uj, which is a contradiction by the construction of the 
left Grobner basis. 

Therefore none of the leading monomials of the q^Pi cancel each other out. In particular, 
deg(t) = max{deg(giPj)}. This shows that the set (11) spans I e for each e > d. Likewise, 
since the leading monomials of ViPi cannot cancel each other out, the set (11) is linearly 
independent. ■ 

4.3. The Real Ideal Algorithm for finitely generated left ideals. Suppose / C 
M.{x,x*) is a finitely generated left ideal with left Grobner basis {pi, ■ ■ ■ ,p r } Q 7tL(x,x*)d- 
Consider the feasibility problem 

s £ M.{x, x*) is a nonzero sum of squares 

s .t. s = (qiPj + Pjij) ' de g(<ijPj) < 2d - 

J'=l 

As in Subsection 4.1, this is an instance of an LMI, 

Find ^ G >z 

(13) r 

s.t. M* <d GM <d = {QjPj + PK) , deg(g^) < 2d. 

3=1 

and can thus be solved using a standard SDP solver. To search for a nonzero G we normalize 
(13) by requiring tr(G) = 1. The ideal I is real if and only if (13) is infeasible. 

Example 4.4. Here is a simple univariate example. Let y be the following monomial order 
on (x,x*): for u,w £ (x,x*) > we define u -< w if deg(w) < deg(w) or if deg(w) = deg(w) 
and u = rx*s and w = rxt for some r, s, t £ (x, x*). 

Let the following set generate a left ideal 

S = {x 3 + 1, x 2 + (x*) 2 , xx* - (x*) 2 , x*x - 5}. 
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Observe that these polynomials are presented in an y- decreasing manner. We see x 2 divides 
x 3 , so we replace x 3 + 1 in S with 

-(x 3 + 1 - x(x 2 + (x*) 2 )) = x(x*) 2 - 1. 

We thus obtain the generating set 

(14) S' = {x{x*f - 1, x 2 + (x*) 2 , xx* - (x*) 2 , x*x - 5}. 

Clearly, S' is a left Grobner basis. We used a Mathematica implementation of (13) based 
on NCAlgebra [HOSM12] to verify that the left ideal generated by S' is real. 

To construct (12) or (13), any generators Pj for / will do, the fewer the better. Finding 
a smallest generating set for an ideal is hard, hence a reduced Grobner basis is a reasonable 
choice. The left Grober basis algorithm is useful in producing a fairly small basis for the 
ideal /. 

We have implemented the algorithm for test purposes. A major limitation is construction 
of the LMI required. This arises from manipulation of the large number of monomials in 
M^ d GM <( i. One could improve performance by storing these in advance. Also, the benefits 
when the pj have few terms could be explored further. 

4.4. Principal ideals generated by univariate quadratic noncommutative polyno- 
mials. In Subsection 3.4 we characterized linear polynomials giving rise to real principal 
left ideals. In this section we discuss a complete classification whether or not the left ideal 
generated by a univariate quadratic polynomial is real. It seems that there is no clean and 
neat closed form solution, so our presentation gives a rather lengthy case by case analysis. 
We start by characterizing univariate quadratics which are sums of squares. 

Proposition 4.5. For a symmetric univariate quadratic polynomial 

p = a + ai(x + x*) + a 2 (x 2 + (x*) 2 ) + a 3 xx* + a 4 x*x, 
the following are equivalent: 

(i) p is a sum of two squares; 

(ii) p is a sum of squares; 

(iii) the following LMI is feasible 



(15) 



G 



a i 



ao A 
A a 3 
A a 2 



ai — A 
o 2 



h0; 



[iv) p(X) h for alln G N and all X e 

(v) p(X) y for all X G M 2x2 ; 
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(vi) the matrix 



(16) 



a 3 a 2 

Gl 2 <^4 



is positive 



semidefinite, —a\ + a (2a 2 + a 3 + a 4 ) > 0, and a > 0. 



Proof. It is clear that (i) implies (ii). By noting that G in (15) is the general form for the 
Gram matrix of p, we can deduce that items (ii) and (iii) are equivalent. Now suppose (iii) 
holds. By choosing the smallest A making G = G(X) >z 0, the rank of the corresponding G 
is < 2. As in the proof of Lemma 3.3 this implies p is a sum of < 2 squares, so (i) holds. By 
the sum of squares theorem [Hel02], (ii) and (iv) are equivalent. All this shows that (i), (ii), 
(iii) and (iv) are equivalent. 

Clearly, (iv) implies (v). Let us now establish (v) =>■ (vi). First of all, a = p(0) > 0. 
Since p is positive semidefinite on IR 2x2 , its homogeneous degree 2 part, p, is also positive 
semidefinite on 2 x 2 matrices. It follows that 




(17) 
and 

r o 1 

c 

From (18) we immediately obtain 
(19) 



1 




^3 + «4 > 0, 




(23(24 + C {(13(14 



a 3 a 4 — a 2 > 0. 



> for all c G 



Together (17) and (19) show that the matrix (16) has nonnegative trace and nonnegative 
determinant, so is positive semidefinite. In particular, 



2a 2 



a 3 + a 4 



a 3 


a-2 




1 


1 


a 2 


a 4 




1 


1 



If 2a 2 + a 3 + a 4 = 0, then p(c) = ao + 2ca\ > for all c G 
—a\ + ao(2a 2 + a 3 + a 4 ) = 0. If 2a 2 + a 3 + a 4 > 0, then 



> 0. 

whence a\ = 0. In this case 



P 



ai 



a (2a 2 + a 3 + a 4 ) 



> 



2a 2 + a 3 + a 4 / 2a 2 + a 3 + a 4 

shows —a\ + ao(2a 2 + a 3 + a 4 ) > 0, as desired. 

Finally, assume (vi) holds. If 2a 2 + a 3 + a 4 = 0, then a\ = 0, and hence p has no linear 
terms. Since (16) is positive semidefinite, the homogeneous quadratic part of p is a sum of 
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squares. As also a > 0, p is a sum of squares. We can thus assume 2a 2 + a 3 + a 4 > 0. 
Perfoming an affine linear change of variables x \- > x — 2a2 ^ 3+a4 leads to the polynomial 

~ ( \ / _ai_\ -a 2 ! + ao(2a 2 + a 3 + 04) / 2 , / *\2n . * . 

= p x - = h a 2 (x + (a; J J + a 3 xx + a 4 x x 

\ 2a 2 + a 3 + a 4 / 2a 2 + a 3 + a 4 

having no linear term. Obviously, p is positive (resp., sum of squares) iff p is positive 
(resp., sum of squares), and the latter is the case iff its constant term is nonnegative and its 
homogeneous quadratic part is a sum of squares, i.e., iff — a\ + a (2a 2 + a 3 + a 4 ) > and 
(16) is positive semidefinite. ■ 

Remark 4.6. The quantitative strengthening of the sum of squares theorem [Hel02] (cf. 
[MP05, McCOl]) tells us that a p as in Proposition 4.5 is a sum of squares iff it is positive 
semidefinite for all X £ IR 3x3 . Item (v) above improves this size bound a bit. 

Let 

(20) p = a + a\X + a 2 x* + a 3 x 2 + a^xx* + a 5 x*x + a 6 (x*) 2 £ M.(x, x*) 

denote an arbitrary univariate and quadratic, and let / be the principal left ideal it generates. 
We now set about to determine if / is real. 

By Proposition 3.7, / is non-real if and only if there is a linear 

(21) q = q + qix + q 2 x* £ E(x, x*} 

such that qp + p*q* is a nonzero sum of squares. Compute qp + p*q* and verify that it equals 

(22) 2a q + x(a q 1 + a q 2 + + a 2 q ) + x* (a q 1 + a q 2 + a^o + a 2 q ) 

+ x 2 (aigi + a 2 q 2 + a 3 q + a 6 q ) + (x*) 2 ( + a±q\ + a 2 q 2 + a 3 q + a 6 q Q ) 
+ 2x*x{a\q 2 + a 5 q ) + +2xx*{a 2 qi + a 4 g ) 
+ (a 3 gi + a 6 q 2 ) + (x*) 3 (a 3 gi + a 6 q 2 ) + x 2 x* (a 6 qi + a 4 qi) + x(x*) 2 (a 6 q 1 + a 4 qi) 
+ xx*x(a i q 2 + a 5 qi) + x*x 2 (a 3 q 2 + a 5 q 2 ) + (x*) 2 x(a 3 q 2 + a 5 q 2 ) + x*xx*(a A q 2 + a 5 gi). 

Here line 1 of (22) collects degree and 1 terms of qp + p*q*, lines 2 and 3 contain degree 2 
terms, while lines 4 and 5 contain degree 3 terms. If (22) is a sum of squares, all degree 3 
terms must vanish (and we are thrown into the case of Proposition 4.5). 

All degree 3 terms vanishing is equivalent to following system of equations: 

a 3 qi + a 6 q 2 = 

(a 4 + a 6 )gi = 

(23) 

a4<?2 + a 5 <7i = 
(a 3 + a 5 )q 2 = 0. 
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We now perform a case by case analysis. Note that / is real whenever (23) does not have a 
solution. Thus we turn our attention to solutions of (23). 

(a) If a 4 + ciq 7^ and 03 + a 5 7^ 0, then q is a constant. In this case / is non-real iff 

p + p* = 2a + (ai + a 2 )x + (ai + a 2 )x* + (a 3 + a 6 )^ 2 + 2a 4 xx* + 2a 5 x*x + (a 3 + a 6 )(x*) 2 , 

is a ± sum of squares. By Proposition 4.5, this can be reformulated as the disjunction 
of two systems of polynomial inequalities. 

(b) Suppose a 3 + a 5 7^ = a 4 + a 6 . Then q 2 = 0, and the polynomial system (23) simplifies 
considerably: a 3 qi = 0, a^qi = 0. By a 3 + a 5 7^ 0, this implies q\ = 0, i.e., q is constant. 
We now proceed as in case (a). 

(c) The case a 3 + 05 = 7^ a 4 + a§ is handled similarly. Alternately, use the automorphism 
of the free algebra sending x t— > x* to reduce to case (b). 

(d) Assume a 3 + a 5 = = a 4 + ag. Then a 5 = — a 3 and a 6 = — a 4 , and the system (23) 
reduces to the single equation 

-a 3 <2i + a A q 2 = 0. 

If a 3 = a 4 = 0, then p is linear and then Corollary 3.23 tells us when / is real. Otherwise 
a 3 7^ or a 4 7^ 0. We consider the case a 4 7^ 0, and note that the former can be reduced 
to the latter via x H- x*. 



Solving (23) leads to q 2 = —qi- We reevaluate qp + p*q*: 

a 4 

( O'QO'sqi \ *( 
(24) 2a q + x [a^o + a 2 q + a gi H — J + x \aiq + a 2 q + a q 1 



Cl 4 / V Q 4 

+ x a 3 q - a 4 q + a x qx H ) + (x ) a 3 q - a 4 g + H 

a 4 / V a 4 / 

+ 2xx* (a 4 g + a 2 gi) + 2x*x ^ - a 3 g 



aia 3 gi ^ 



a 1 

Then / is non-real if and only if there are qo,qi G K making (24) a nonzero sum of 
squares. By assertion (vi) of Proposition 4.5, (24) is a sum of squares if and only if the 
system of the following polynomials inequalities is feasible. 

a 4 g + a 2 gi > 

a 4 (a 3 + a A )q = (a x a 4 - a 2 a 3 )q x 

(25) (ai + a 2 )a 4 g = a (a 3 + a A )q 1 

a q > 

a 3 a 4 (aig 4 — a 4 go) > 

We still assume that a 4 7^ and we also require that (24) has at least one nonzero 
coefficient. 
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If the linear system (for qo,Qi) of the second and the third equation in (25) has a 
nonzero determinant, then q = qi = which implies a contradiction that all coefficients 
of (24) are zero. Therefore 

(26) (ai + a 2 )(a 1 a 4: — a 2 a 3 ) = a (a 3 + a 4 ) 2 . 

If a 3 + a 4 = 0, (25) simplifies considerably. We can deduce from the second and the 
third equation that a\ + a 2 = 0. The inequality in the last line of (25) is now equivalent 
to the first, so we are left with the system of the first and the fourth inequality. Moreover, 
(24) has a nonzero coefficient iff a^o + «2<?i 7^ or aoqo 7^ 0. This system has a solution 
iff either a 2 7^ or a^a^ > 0. In the first case we can take go = and qi = a 2 ; in the 
second q = a 4 and q± — 0. 

If 03 + <24 7^ we can compute ao from (26) and go from the second equation of (25). 

In this case the system (25) is equivalent to - 1 ~*~ Q2 ) Q4 ^ 1 > 0. Moreover, (24) has a 

a 3 + a 4 

nonzero coefficient iff (ai + a 2 )qi 7^ 0- This system has a solution iff a\ + a 2 7^ 0. In this 
case we can take q$ = (ai + a 2 )(a\ai — a 2 a 3 ) and q\ = [a\ + a 2 ) (a 3 + 04)04. 
Therefore, in case (d) (assuming 7^ 0), the ideal / is non-real iff either 

a 3 + a 4 = and a\ + a 2 = and (a 2 ^0 or a a 4 > 0) 

or 

, n , , , (ai + a 2 )(aia 4 -a 2 a3) 

04 + 03 7^ and ai + a 2 7^ U and ao = -, . 

(a 3 + a 4 ) 2 

5. Non-Finitely-Generated Left Ideals 

One can extend Theorem 1.2 to non-finitely-generated left ideals by noticing the follow- 
ing: if I = P| I a , and each of the I a is finitely generated and real, then 

Vjcf)^=f)l a = ic Vl. 

Therefore, to show that a left ideal / satisfies / = vJ, it suffices to show it is an intersection 
of finitely-generated real left ideals. 

Proposition 5.1. Suppose I is generated by homogeneous analytic polynomials pi, . . . ,p k , . . .. 
Then \fd = I . 

Proof. For each d E N, let P d ' be the ideal generated by all polynomials Pi of degree < d as 
well as all analytic words of degree d+1. In this case, each pj e J^ d \ and each 1^ is finitely 

generated. Further, since 1^ is generated by analytic polynomials, it is real. Therefore 

00 

Vic 
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At the same time 



fV (d) > 



d=l 

since the elements of I^ e > of degree bounded by d, where e > d, are precisely the elements of 
I of degree bounded by d, cf. Lemma 2.1 ■ 

The next case we treat has infinitely many left unshrinkable words as generators. 
Proposition 5.2. Let I C M.(x,x*) be the left ideal generated by the polynomials 

xi,xix* 2 X2, ■ ■ ■ , xi(x* 2 x 2 ) d , 

Then \fl = I. 

Proof. Let I\ be the left ideal generated by x\ and a^a^ ~ ^> wriere A > 0. 

Step 1: I\ Is Real. Since I\ is generated by polynomials of degree bounded by 2, we only 
have to check that no sum of squares of polynomials outside of / of degree 1 or less is in 
I\ + Since x\ G I\, we need only consider squares of polynomials in the span of all 
monomials of degree 1 or less which are not equal to /. Suppose that 



P 



x\ 








A 


x 2 








1 




1 



is a symmetric polynomial, i.e. A is symmetric. It is straightforward to show that p must 
be in the span of x 2 x 2 — A and x\ + x\ Therefore, 



.4 



If p is a nonzero sum of squares, then (0, 0) 7^ (a, (3) e IR 2 , which implies that 














































— \a 



(3 = 0, a^O, and a 



1 

-Al 



y 0. 



But this contradicts A > 0. 
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Step 2: Ha>o ^ = I- First, consider 

xi(x* 2 x 2 ) d . 

If d = 0, then x\ E I\. Further, we see that 

xi{x* 2 x 2 ) d = \xi(x* 2 x 2 ) d ~ l + xi(x* 2 x 2 ) d ~ l (x* 2 x 2 - A), 
hence by induction xi(x 2 x 2 ) d £ I\ for all d. Since /a contains the generators of /, 

/cfv*. 

A>0 

Next, suppose p £ P| A>0 /a- First, p £ ii, so p is of the form 

p = gxi + ^^(x^ - 1)\ 

for some d, where ri,q £ IR(x,x*). Without loss of generality, assume that the terms of the 
7"j are not divisible on the right by (xljx^; for example, if = fiX 2 x 2 for some fj, then 

n(x 2 x2 - iy = fi(x* 2 x 2 )(x 2 x 2 - iy = fi(x 2 x 2 - iy +1 + fi(x* 2 x 2 - iy. 

Given another A > 0, p £ I\. We see that 

x* 2 x 2 - 1 + I x = A - 1 + I x , 

and inductively that 

(x*x 2 -l) i + / A = (A-l)* + / A . 

Therefore 

d 

$>(A - l)* e I A . 

i=0 

The leading term of this resulting polynomial must be divisible on the right by x\ or x 2 x 2 
since 

{xi, x* 2 x 2 — A} 

is a left Grobner basis. Since the terms of each r, are not divisible on the right by x 2 x 2 by 
construction, the leading term of Z~2i=o ri (^ ~ -0' * s divisible on the right by x\. Since this is 
true for arbitrary A > 0, the leading term of some is divisible on the right by x±. Let this 
term be denoted r'. Then 



V-r\{x\x 2 y £ p|/. 



A 

A>0 



since r[{x* 2 x 2 y £ I C Ha>o an< ^ ^ s ^ n ^ ^ an< ^ om y ^ P * s - We can re duce p inductively to 
deduce that p £ J. ■ 
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Note that in the preceding proof, I was a monomial ideal, but we rewrote it as the 
intersection of finitely-generated ideals which were not even generated by homogeneous poly- 
nomails. 

6. Strictly positive linear functionals and ^-representations 

In this section we describe something of a dual to our considerations so far. For a left 
ideal J C M.(x,x*) we call a linear functional L : M.{x,x*) — > M. a separating functional 
for J provided 



Once such a linear functional exists one can prove results of the type used in this paper 
to produce our examples. We do not describe this here and instead refer the reader to 



In this section we show how to construct a separating functional for real left monomial 
ideals, since this is elegant and follows a very different path than the constructions presented 
in [CHMN+], and actually is more general than previously proved results since this applies 
to left monomial ideals which are not finitely generated. 

Proposition 6.1. Suppose the left monomial ideal J C M.(x,x*) is real. Then there exists a 
separating linear functional L : M.{x,x*) — > K for J. 

Proof. The proof mimics [MP05, Lemma 3.2] in that it proceeds inductively to construct L. 

Start by defining L(l) = 1. Now suppose Ld is already defined on WL(x,x*)2d and 
satisfies the required separativity properties up to degree 2d. We define an extension Ld+i : 
M.{x, x*)2d+2 K of Ld- all words of degree 2d + 1 and all words of degree 2d + 2 that are 
not hermitian squares, are sent to 0. For a word w = u*u of degree 2d + 2, we set 



(1) L(J) = {0}; 

(2) L(p*p) > for all p G R(x, x*}; 

(3) L(p*) = L{p) for all p G R(x, x*); 

(4) L(p*p) > for p £ J. 



[CHMN+]. 




for a constant c G M>o to be chosen later. 
Consider a hermitian square 




wG{x,x*) d+1 



we{x,x*) d+1 
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One can decompose this as 



(27) y ^2 a wWj y ^2 awW 

w£(x,x*) d+1 we(x,x*) d+1 



a in w 



( y^ awW + auU ) ( X] awM; + ^2 auU ) 
J2 a ^ w ) + (J2 



The first, second and third term of the right-hand side of (27) are in J + J*, and therefore 
are mapped by L to 0, which implies that 



we{x,x*) d+1 we{x,x*) d+1 



L [( a u w j ( ^ a u u 



The right-hand side of this equation equals 



cl B 

B* A 



where a is the tuple of a u , I is the identity matrix of suitable size (corresponding to the 
words u of degree = d + 1), and A and B are block matrices with 





A 

B 

B* 



u£(x,x*)d,u$J u£(x,x*) d ,u£J 



(2* 



deg(?;)=(i+l,D^J ud(x,x*) d ,u$.J 



cl 




y^ ^ y^ a„w 

u£{x,x*) d ,u£J deg(v)=d+l,v^J 



y^ a„w 

deg(ti)=d+l,i)^J 



y^ a„w 

deg(i))=d+l,«^J 
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The matrix A is positive definite by induction, so there exists c sufficiently large making the 
matrix 

cl B 
B* A 

positive definite; e.g. any c > with ^||-B|| 2 < the minimal eigenvalue of A will do. ■ 

6.1. ^-Representations. Let V be a pre-Hilbert space, i.e., an IR- vector space with an inner 
product. A mapping ir of IR(x,x*) into the set of linear operators defined on V is said to 
be a (unital) ^representation of IR(x, x*) on V if 7r(l) = 1 and it satisfies the familiar 
axioms: 

7r(aiai + a^G^f = a\ii(ai)v + a2Tc(a2)v 
7r(aia 2 )u = 7r(ai)7r(a 2 )u 
(it{a)v u v 2 ) = (vi,n(a*)v 2 ) 

for every a,a\,a2 G IR(x, x*), a\^a^ G IR and v,i>i,i>2 G V. Let 1Z be the class of all 
♦-representations of IR(x,x*). Write dfz(M.(x, x*)) to be the set of pairs (ir, v) such that 
Ti is a ^-representation of IR(x,x*) on some space V, and ^ v G V. For every subset S of 
IR(x, x*) write 

V^S) := {(tt, v) I 7r(s)i> = for every s G S 1 }. 
For a subset T of d n (R(x, x*)), let 

X(T) :={a6i| ir(a)v = for every (ir,v) G T}. 

Note that X(T) is always a left ideal. Finally, for each subset S of K(x, x*) write 

VS = l(V n (S)). 

Corollary 6.2. Suppose the left monomial ideal J C K(x, x*) rea/. TTien vJ = J. 

Proof. Let L be the linear functional constructed in Proposition 6.1. By the Gelfand- 
Naimark-Segal (GNS) construction, there exists (n, v ) G 1Z such that L(a) = (Tr(a)v,v) 
for every a G IR(x, x*). (Recall that = IR(x, x*)/J considered as a vector space over IR 
with inner product (p + J, q + J) = L(q*p), re is the left regular representation of K(x, x*) 
on V n and u = 1 + J.) It follows that 
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